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Abstract. We study the approach to the adiabatic limit in periodically driven
systems. Specifically focusing on a spin-1/2 in magnetic field we find that, when
the parameters of the Hamiltonian lead to a quasi-degeneracy in the Floquet
spectrum, the evolution is not adiabatic even if the frequency of the field is much
smaller than the spectral gap of the Hamiltonian. We argue that this is a general
phenomenon of periodically driven systems. Although an explanation based on
a perturbation theory in ω0 cannot be given, because of the singularity of the
zero frequency limit, we are able to describe this phenomenon by means of a
mapping to an extended Hilbert space, in terms of resonances of an effective two-
band Wannier-Stark ladder. Remarkably, the phenomenon survives in presence
of dissipation towards an environment and can be therefore easily experimentally
observed.
PACS numbers: 03.65.Ta,03.65.Yz,03.65.Vf
1. Introduction
The adiabatic theorem [1] is one of the cornerstones of the quantum mechanics: it
is deeply linked to the concept of geometric phases [2], to the Kibble-Zurek scaling
phenomenon [3, 4, 5], and to Quantum Annealing [6, 7, 8, 9] alias Adiabatic Quantum
Computation [10], to name just a few applications. Recently, there has been interest in
extensions of the adiabatic theorem to many-body periodically driven systems whose
parameters are slowly varied in time, especially in connection with non-equilibrium
quantum phase transition [11, 12, 13, 14, 15, 16]. In this case, the properties of the
Floquet states — the eigenstates of the one-period evolution operator —, and the
associated quasi-energies, are crucial.
Ref. [17] pointed out that the traditional condition for the validity of the adiabatic
approximation — the Hamiltonian being slowly changing with respect to the inverse
squared gap — is not sufficient to provide adiabaticity, although necessary [18], and
a system can deviate from its adiabatic regime even if it is driven very slowly. Due
to the very widespread applications of the adiabatic theorem, it is very important to
understand when these deviations occur and to which extent they affect the dynamics
of the system. For instance, it is interesting to understand if they can be still
observed in an experimental context where there are unwanted interactions with the
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environment and decoherence. Here we choose to focus on periodically driven systems,
due to their importance in the recent theoretical and experimental developments of
quantum mechanics (see Refs. [19, 20] for a review). We select the simplest and
most paradigmatic one: a single spin 1/2 in a time-periodic magnetic field, which will
provide us an understanding relevant also for more complex cases. In agreement with
Refs. [17, 18] we observe that there are some frequencies where the system should be
adiabatic because the driving frequency ω0 is much smaller than the minimum gap of
the instantaneous Hamiltonian but there is no adiabaticity at all: observables strongly
deviate from their adiabatic value and perform large quantum beats reminiscent of
Rabi oscillations.
Our main improvement is that we apply Floquet theory to this problem and
we are able to understand the condition which ω0 has to obey in order to provide
these anomalous non-adiabaticities. We find that the anomalous non-adiabatic
frequencies correspond to quasi-degeneracies of the Floquet spectrum. At these quasi-
degeneracies, an integer number of frequencies of the external driving approximately
matches the difference between two Floquet quasi-energies, like a multi-photon
resonance. Therefore the condition “ω0 much smaller than the minimum gap” has
to be supplemented by “ω0 away from any Floquet quasi-degeneracy” in order to have
adiabaticity. We believe that this is true in general for periodically driven systems.
Looking more carefully at the properties of Floquet quasi-degeneracies in our
problem, we meet an infinite number of them if we tend towards the limit of
zero driving-frequency: the vanishing frequency limit cannot be interpreted as a
perturbation expansion in ω0. Remarkably, we can give an interpretation of this
phenomenon by means of the extended Hilbert space representation [21, 22, 23]. Using
an analysis similar to that of the multi-frequency case considered in Ref. [24], we
see that the dynamics can be mapped to that of a particle in a two-band Wannier-
Stark ladder [25, 26] which we will refer to as “Floquet-Stark ladder”. We will show
that the case of a frequency ω0 far from any quasi-degeneracy corresponds to the
absence of resonances between the levels of the Floquet-Stark ladder: this gives rise
to Bloch oscillations [27] in the ladder, which correspond to the adiabatic evolution
of the energy. On the contrary, the quasi-degenerate case corresponds to a state in
the lower-band-manifold of the Floquet-Stark ladder which becomes resonant with
another level in the upper-band-manifold: the resulting Rabi oscillations give rise to
the large non-adiabatic oscillations of the energy.
In order to understand to which extent the Floquet resonances affect the
behaviour of the system, we consider also the effect of dissipation. This is also
important for experimental realizations where the coupling with the environment
cannot be avoided. We discuss this problem both from a classical and a quantum
perspective. Indeed, the non-adiabatic beatings are observed also in the purely
classical precession equation obeyed by the expectations of the spin components, so
one can imagine to perform an experiment with a bulk classical magnetization. The
dissipation in this case is described by the Landau-Lifshits-Gilbert equation [28] and
we see that, before a stationary condition is attained, the non-adiabatic beatings can
be observed in the dynamics of the system. From a quantum point of view, we consider
a single spin coupled to a thermal bath: this setting is interesting for superconducting
qubit experiments [29, 30]. Expanding the Bloch-Refdield master equation in the
Floquet basis we study the properties of the periodic stationary condition attained by
the system. We see that the energy in the steady state shows marked peaks at the
Floquet quasi-degeneracies: the effect of these non-adiabaticities extends far beyond
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the unitary-evolution setting where we have described them.
2. Floquet quasi-degeneracies and adiabaticity breaking in the unitary
dynamics
A central tool for our discussion is the Floquet theory [21, 22, 19]. This theory states
that, given a time-periodic Hamiltonian Hˆ (t) = Hˆ (t+ τ), there exists a basis of
solutions of the Schro¨dinger equation (Floquet states) which are periodic up to a
phase
|Ψα (t)〉 = e−iµαt |Φα (t)〉 . (1)
The periodic states |Φα (t)〉 = |Φα (t+ τ)〉 are called Floquet modes, the real quantities
µα are called Floquet quasi-energies. The analogy with the Bloch theory for particles
in crystalline potentials is clear: the Floquet states are the analogue of Bloch waves
and the quasi-energies are the analogue of quasi-momenta. We focus our discussion
on the case of a spin in a time-periodic magnetic field
Hˆ (t) = −B(t) · σˆ (2)
where B(t) = −(0,∆,  + A cos(ω0t)) and σˆj are the Pauli matrices. To obtain the
Floquet modes and quasi-energies, it is enough to know the time evolution operator
for 0 < t < τ [19] (here τ = 2pi/ω0 is the period). Like the quasi-momenta of
Bloch waves, the quasi-energies are defined up to translations of ω0: this implies that
two quasi-energies are degenerate if they differ by an integer number of ω0. Such
a translation symmetry allows therefore to define a Brillouin zone (BZ) structure in
quasi-energy: we focus on the first BZ which lies between −ω0/2 and ω0/2. In the
problem we are focusing on, Eq. (2), there are two distinct quasi-energies; they are
equal in modulus but opposite in sign because the Hamiltonian has vanishing trace [31].
In Fig. 1 (upper panel) we plot the positive quasi-energy vs ω0. We plot for comparison
also the adiabatic approximation [32] for the quasi-energy µead =
1
τ
∫ τ
0
Ee(t)dt (where
Ee(t) is the energy of the instantaneous excited state at time t): we see that the
adiabatic approximation becomes better for smaller values of ω0, as expected. We
notice that in many points the quasi-energies approach 0 or ±ω0/2. These are quasi-
degeneracy points where two quasi-energies, up to translations of ω0, are almost equal.
For small values of the frequency, the corresponding adiabatic approximations for the
quasi-energies have exact degeneracies for values of ω0 near the quasi-degeneracies
(see the upper inset in Fig. 1). Considering lower and lower frequencies, the quasi-
degeneracies become infinitely dense but they do not disappear. On the opposite,
they become vanishingly narrow and – anticipating a little bit – the Floquet modes
exchange each other on a vanishingly thin frequency range (see the lower panel of
Fig. 1). Zero frequency is an accumulation point of such switchings: the limit ω0 → 0
is singular [33] and non-perturbative.
When the frequency ω0 is at a quasi-degeneracy there is a violation of adiabaticity,
however small is the frequency. In order to understand this point, we focus on a
frequency ω0 small enough to make the adiabaticity condition (see for instance [34, 1])
valid:
ω0  min
t∈[0,τ ]
Egap (t) . (3)
(Here Egap (t) = Ee (t) − Eg (t) is the difference of the excited and ground energy
eigenvalues at time t.) As discussed before, the implication of adiabaticity from this
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Figure 1. (Upper panel) Approximate adiabatic (blue dashed line) and exact (red
line) positive Floquet quasi-energies vs. ω0 in the first Brillouin zone. When two
different quasi-energies are quasi-degenerate, the second quantity almost equals
0 or ω0/2, as explained in the main text. (Lower panel) The square overlap∣∣〈Φ+(0) |g(0)〉∣∣2 of one of the Floquet modes at time 0 with the corresponding
ground state of the Hamiltonian vs. ω0: notice the switchings between 0 and 1 at
the quasi-degeneracies which can be better seen in the inset. We take ∆ =  = 1
and A = 2.
condition has been challenged in Ref. [17] and then Ref. [18] has shown that it is only
necessary: we are going to study when this condition fails to provide adiabaticity.
If the spin dynamics is adiabatic, the expectation at time t of the operator σˆ, call
it 〈σˆ〉t, is always parallel to the instantaneous value of the magnetic field B(t), and
time-periodic, with period τ . In the upper panel of Fig. 2, the blue curve shows 〈σˆy〉t
for a small ω0 far from any quasi-degeneracy: we can see that the predictions based
on the adiabatic theorem are perfectly verified in this case. On the opposite, changing
a little bit ω0 so that Eq. (3) is still valid but there is a quasi-degeneracy, adiabaticity
is destroyed, as we can see in the red curve of the upper panel of Fig. 2. This time
trace shows a strong deviation from adiabaticity of 〈σˆy〉t in the form of large beatings
which last many driving periods τ . The contrast is even more striking in the lower
panel of Fig. 2 where we plot the excitation energy defined as
eex(t) = 〈Ψ (t)| Hˆ (t) |Ψ (t)〉 − Eg (t) . (4)
For a perfectly adiabatic evolution, this quantity is always vanishing: this fact is
verified for a frequency low and far from any Floquet quasi-degeneracy (ω0 = 0.19
in the plot). On the contrary, at a Floquet quasi-degeneracy the dynamics is
non-adiabatic: after many periods eex(t) starts deviating from 0 and makes large
oscillations between 0 and its maximum value in the form of large beatings. It is
important to remark that these beatings have a frequency corresponding to the gap
in the Floquet spectrum at the quasi-degeneracy (we exploit the invariance of the
quasi-energies under translations of ω0 in order to consider the minimum gap over all
the possible relative ω0-translations of the levels): we will give a better interpretation
of this point later. At a Floquet quasi-degeneracy, we have that an integer number of
frequencies of the driving approximately matches the gap between two quasi-energies
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Figure 2. The expectation 〈σˆy〉t (upper panel) and the excitation energy (lower
panel) vs. the number of periods t/τ for two different frequencies (ω0 = 0.19 and
ω0 = 0.194859) both in the adiabatic limit ω0  minτ Egap ' 2.8. For ω0 = 0.19
(blue curves) the results are indistinguishable from the adiabatic prediction. For
ω0 = 0.194859 we are at a quasi-degeneracy of the Floquet spectrum (see upper
inset of Fig. 1) and we see a strong violation of adiabaticity and large-amplitude
long-period beatings of the observables (red curves). (Numerical parameters:
∆ =  = 1 and A = 2.)
(chosen in different Brillouin zones); therefore we have a multi-photon resonance which
physically justifies the observed beatings. We notice that the average values of the
spin components obey a classical precession equation
d
dt
〈σˆ〉t = −2 〈σˆ〉t ×B(t), (5)
so these beatings can be observed not only for quantum spins but also for classical
magnetic moments, for example in NMR experiments.
3. Adiabaticity breaking and properties of the Floquet modes
We find that it is possible to describe the violation of adiabaticity at the quasi-
degeneracy in terms of Floquet modes and quasi-energies in the low frequency limit.
As already mentioned, in the limit of vanishing ω0, the quasi-energies are the average
over one period of the instantaneous eigenenergies [32]
µ
e/g
ad =
1
τ
∫ τ
0
Ee/g(t)dt , (6)
up to translations of ω0 (these are the adiabatic quasi-energies – see Fig. 1)
and the Floquet modes become the instantaneous eigenstates of the Hamiltonian
{|e(t)〉 , |g(t)〉}. The reason for this fact is as follows: in the adiabatic limit the
instantaneous eigenstates of the Hamiltonian {|e(t)〉 , |g(t)〉} solve the Schro¨dinger
equation and are periodic up to a phase µ±adt, where µ
±
ad is given by Eq. (6) in the
limit τ → ∞. ‡ Therefore, in the adiabatic limit, the square overlap |〈Φ±(0) |g(0)〉|2
‡ For this specific form of driving the Berry phase [2] γ± is vanishing. In general, the Berry’s phase
gives a contribution γ±/τ to the adiabatic quasi-energies, which vanishes for τ →∞.
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of each Floquet mode at time 0 with the t = 0-ground-state is 1 or 0. In the lower
panel of Fig. 1 we plot this overlap for |Φ+(0)〉 versus ω0: at low but non-vanishing
frequencies we see that it is 1 or 0 when ω0 is far from any quasi-degeneracy. Around a
quasi-degeneracy, the adiabatic prescription is not obeyed and the Floquet modes are
different from the eigenstates of the Hamiltonian: crossing the quasi-degeneracy, the
overlap |〈Φ+(0) |g(0)〉|2 goes continuously from 0 to 1 (the Floquet states exchange
each other – see the inset of Fig. 1). At a quasi-degeneracy, therefore, the initial
ground state is a superposition of two Floquet states which have a 2pi/ω0-periodic
part and a modulation with slightly different quasi-energies modulo translations of
ω0. Looking stroboscopically at the dynamics (at integer multiples of the period) we
see therefore a situation exactly equal to the Rabi oscillations: the beatings in Fig. 2
occur at a frequency given by the quasi-energy difference. We conclude therefore
that the condition (3) is not sufficient for getting adiabatic evolution in our system
and it must be supplemented with ω0 being far from any quasi-degeneracy. Because
all periodically driven systems show quasi-resonances where the Floquet states are
exchanged we can conclude that this is a quite general statement, which can be applied
also to more general periodically driven systems. Our findings are in agreement with
the results of Refs. [35] obtained in the context of Thouless pumping: here an adiabatic
perturbation theory is developed which gives rise to diverging denominators when the
adiabatic quasi-energies are resonant.
4. Mapping to a two-band Wannier-Stark ladder
It is instructive to analyse the mechanism behind the Floquet resonances in the spin-
1/2 model by mapping this problem into that of a Wannier-Stark ladder. As pioneered
by Shirley [21], the Floquet modes and quasi-energies can be obtained by diagonalizing
the Shirley-Floquet Hamiltonian, obtained by representing the operator Kˆ = Hˆ(t)−i∂t
in the extended Hilbert space H ⊗ R [21, 22], where H is the Hilbert space of the
Hamiltonian and R is generated by the basis {e−inω0t}
n∈Z. The matrix for Kˆ has a
block form given by
(Kˆ) =

. . .
...
...
Hˆ0 − (n− 1)ω0 Hˆ1 Hˆ2 . . .
Hˆ−1 Hˆ0 − nω0 Hˆ1 . . .
Hˆ−2 Hˆ−1 Hˆ0 − (n+ 1)ω0 . . .
...
...
...
. . .
 , (7)
where Hˆn ≡ 1τ
∫ τ
0
Hˆ(t) einω0t dt is the n-th Fourier coefficient of the τ -periodic operator
Hˆ(t). Notice that, when ω0 = 0 this can be seen as a model with one extra dimension
— the Fourier label n — and there is translation invariance, like in a tight-binding
model: in this case Kˆ has a bounded spectrum. Taking ω0 6= 0 is formally analogous to
applying a uniform electric field to such a tight-binding model: the spectrum changes
qualitatively its nature and becomes a Wannier-Stark-like ladder of doublets [25, 26]
which we term “Floquet-Stark ladder”. A genuine perturbative approach in ω0 is
therefore impossible: the parameter ω0 makes the diagonal elements of the matrix
unbounded (as n→∞) and qualitatively changes the nature of the spectrum.
The Shirley approach leads to a static eigenvalue problem determining Floquet
quasi-energies and modes. We now introduce a scheme to study the dynamics of the
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problem. To simplify our formulas, we consider the totally equivalent Hamiltonian
Hˆ(t) =
(
+A sin(ω0t)
)
σˆz + ∆σˆx . (8)
obtained by modifying the phase of the periodic driving, and performing a rotation
in spin space. Our dynamical treatment relies on making the following Ansatz for the
state of the system at time t §
|Ψ(t)〉 = 1√
τ
∞∑
n=−∞
|ψn(t)〉 e−inω0t . (9)
This expression resembles a Fourier expansion, but it is not a Fourier expansion
because the components |ψn(t)〉 have a generic dependence on time. The Shirley-
Floquet eigenvalue problem is re-obtained when |ψn(t)〉 = e−iµαt|φn,α〉, where |φn,α〉
is the n-th component of the Fourier expansion of the Floquet mode |Φα(t)〉 [21, 22, 19].
Substituting the expression for |Ψ(t)〉 in the Schro¨dinger equation with Hamiltonian
Eq. (8), and observing that the block matrix in Eq. (7) is now tridiagonal, we obtain
a nearest-neighbor tight binding form on a one-dimensional lattice (Floquet lattice)
whose sites are labeled by the Fourier index n
i∂t |ψn(t)〉 = (σˆz − nω0 + ∆σˆx) |ψn(t)〉+ A
2i
σˆz (|ψn+1(t)〉 − |ψn−1(t)〉) . (10)
Although technically different, a mapping of a spin driven with two frequencies over
a two-dimensional lattice with an effective electric field has also been performed in
Ref. [24]. As anticipated above, the problem in Eq. (10) is a Wannier-Stark ladder for
a two-band system, with ω0 playing the role of an electric field. We find convenient to
apply a unitary transformation which rotates towards the basis of the t = 0-eigenstates
of the Hamiltonian Eq. (8):∣∣∣ψ˜n(t)〉 = e i2 σˆy atan( ∆ ) |ψn(t)〉 = ( un(t)vn(t)
)
, (11)
where un and vn denote, respectively, the upper and lower band components of the
resulting spinor. With these definitions, we can write the Schro¨dinger dynamics of
our problem as: i∂tun(t) = (E − nω0)un(t) +
A
2iE (un+1(t)− un−1(t))− A∆2iE (vn+1(t)− vn−1(t))
i∂tvn(t) = (−E − nω0) vn(t)− A2iE (vn+1(t)− vn−1(t))− A∆2iE (un+1(t)− un−1(t))
(12)
where we have defined E ≡ √2 + ∆2. For ω0 = 0, the Floquet-lattice is homogeneous
— there is no electric-field-like tilting — and we might associate to the problem a
translation-invariant two-band Hamiltonian Hˆ0. The corresponding energy bands can
be easily calculated to have a dispersion
± q = ±
√
∆2 + (+A sin(q))
2
with q ∈ [0, 2pi] . (13)
§ This expansion is unique, as one can check by considering that |Ψ(t)〉 solves the Schro¨dinger
equation with the time-periodic Hamiltonian Eq. (8). Therefore, |Ψ(t)〉 can be expanded in a unique
way in the Floquet basis; it is therefore written as a superposition with time-dependent coefficients of
the τ -periodic Floquet modes. Eq. (9) is obtained by expanding each Floquet mode in Fourier series
and collecting the time-dependent coefficient of each e−inω0t factor in the definition of |ψn(t)〉.
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For ω0 6= 0, the spectrum changes structure and becomes a ladder of doublets without
bounds along the n → ±∞ Floquet-lattice directions. By preparing the system in a
Bloch wave ψq of the Hamiltonian Hˆ0, a standard semi-classical argument [27][Chap.1,
Sec.6], [36][Chap.6, Sec.56-57] shows that the quasi-momentum q(t) evolves linearly in
time as q(t) = q0 + ω0t. Moreover, if the particle is prepared in a Bloch wave-packet
|Ψq(t)〉 around a given q(t), the expectation value of the position on the lattice, n(t),
is given by
∂tn(t) = ∂q 〈Ψq|Hˆ0|Ψq〉
∣∣∣
q=q(t)
. (14)
By explicitly calculating 〈Ψq|Hˆ0|Ψq〉, using the Ansatz
|Ψq〉 =
√
p+(t)|Ψq,+〉+ eiϕ(t)
√
p−(t)|Ψq,−〉 (15)
in terms of Bloch wave-packets |Ψq,±〉 of energy ±q, with ϕ(t) an irrelevant phase
factor, we finally arrive at the following semi-classical equations for the position n(t)
and the quasi-momentum q(t):
∂tn(t) = (p+(t)− p−(t)) ∂qq
∂tq(t) = ω0 . (16)
Notice the appearance in our two-band problem of the quantities p−(t) =
∑
n |vn(t)|2
and p+(t) = 1− p−(t), which are respectively the occupations of the lower and upper
bands: these quantities are not determined by the semi-classical equations, but by
the microscopic equations for vn(t) and un(t). We will discuss below their role and
behaviour in the different regimes of interest. The equation for q(t), assuming q0 = 0,
is trivially solved by q(t) = ω0t. The energy absorption, following Ref. [24], is given
by
∂tE(t) = ω0 ∂tn(t) = ω0 (p+(t)− p−(t)) ∂qq|q=ω0t . (17)
In the following, we prepare the system in the initial ground state (p−(0) = 1 and
p+(0) = 0) and we study its energy evolution. According to the value of the frequency
ω0, taken much smaller than mint∈[0,τ ]Egap (t), we find two different regimes: the
adiabatic one and the resonant one, corresponding to the two regimes discussed in
Fig. 2, which we now illustrate in more detail.
4.1. Adiabatic regime
We start assuming that the “tilting” ω0 is very small and far from any resonance:
there is no level of the lower manifold which is degenerate with some level of the
upper manifold. In these conditions, there is no excitation from the lower to the upper
manifold, so p−(t) = 1 and p+(t) = 0. The validity of the adiabatic approximation
can be directly seen in the extended Hilbert space: with small frequency there is
a small tilting of the Floquet-Stark ladder, no levels are put in resonance and the
Floquet lattice always stays in the lower band. Correspondingly, the physical system
always stays in the ground state and the energy is always the ground state energy.
To see this fact, we can evaluate the q-derivative in Eq. (13) and, using Eq. (17) and
p−(t)− p+(t) = 1, we obtain
∂tE =
2Aω0 (+A sin (ω0t)) cos (ω0t)√
∆2 + (+A sin(ω0t))2
. (18)
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Figure 3. Second order resonance in the Floquet-Stark ladder (see main text).
We see that the energy periodically oscillates in time around a vanishing average:
integrating we find that the energy is instantaneously equal to the adiabatic ground
state value, E(t) = −
√
∆2 + (+A sin(ω0t))
2
. The excitation energy is therefore
vanishing: that is what we see in the low-frequency non-resonant case in Fig. 2. It is
important to notice that the oscillations of the energy are the physical manifestation
of the Bloch oscillations [27] of n(t) in the Floquet Wannier-Stark ladder Eq. (12).
4.2. Resonant regime
Consider now the limit of small amplitude, A {ω0,
√
2 +A2}, and imagine that ω0
is such that there is an m-th order resonance: E −mω0 = −E. When the amplitude
is small, this m-th order resonance corresponds to a Floquet quasi-degeneracy. Here
adiabaticity is lost: we are going to see how this phenomenon can be interpreted in
the Floquet lattice representation in the small amplitude limit. When the resonance
condition is fulfilled, one level of the lower manifold is in resonance with some level
of the upper one (Figure 3 illustrates this situations for a resonance with m = 2):
the resulting Rabi oscillations between these two levels give rise to the wide energy
oscillations observed in the lower panel of Fig. 2. We see that we can approximately
restrict our dynamics to the decoupled subspaces formed by vn(t) and un+2(t).
Assuming A ω0, we can apply the second order perturbation theory (as schematized
in Figure 3): two amplitudes obey the equations
i∂tvn(t) ' (−E + δE − nω0)vn(t) + 2∆A
2
E2ω0
un+2(t)
i∂tun+2(t) ' (−E − δE − nω0)un+2(t) + 2∆A
2
E2ω0
vn(t)
, (19)
where, where E =
√
2 + ∆2, δE = (
2−∆2)A2
E2ω0
and we have kept only the lowest
perturbative order in A/ω0. This formula can be generalized to the case of resonance
of order m: using again perturbation theory we get i∂tvn(t) ' (−E + δE − nω0)vn(t) + Jun+m(t)
i∂tun+m(t) ' (−E − δE − nω0)un+m(t) + Jvn(t)
, (20)
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where J, δE = O(Am/ωm−10 ). Solving these equations, we find that the populations
p−(t) and p+(t) undergo Rabi oscillations with frequency with frequency ωL =√
(δE)2 + J2 = O(Am/ωm−10 ) (it is easy to see that ωL = (
2+δ2)A2
E2ω0
when m = 2).
So, in the evolution of the energy, see Eq. (18), we expect to see not only the
fast oscillations of frequency ω0, but also slower oscillations of large amplitude and
frequency ωL. Preparing the system in the ground state is equivalent to preparing the
Floquet lattice in the lower manifold; the population imbalance p+(t)− p−(t), probed
stroboscopically at times t = nτ , periodically oscillates between -1 and 8
2∆2
(2+∆2)2 with a
period 2pi/ωL. In the physical system this fact manifests in the energy moving from the
ground state value to a maximum and then back, in a period 2pi/ωL. This is exactly
what we see in the excitation energy in the lower panel of Fig. 2, for a value of ω0 where
there is a quasi-degeneracy in the Floquet spectrum. Quite nicely the frequency ωL
corresponds to the perturbative splitting of the Floquet quasi-energies: as remarked
above, the beatings occur with a frequency given by the Floquet gap at the quasi-
degeneracy. Notice that these quasi-degenerate doublets occur when the frequency
obeys the resonance condition ω0 = 2E/m, which provides a simple illustration for
the fact that ω0 = 0 is a singular accumulation point for quasi-degeneracies.
5. The effect of dissipation
The crucial question that we now plan to tackle is to what extent the physics of the
resonances seen before survives the effect of dissipation. This is a crucial question,
since experimentally, while long coherence times are indeed possible — for instance
in superconducting qubits (see Refs. [29, 30] for a review) —, a perfect decoupling
from the environment is impossible. In a classical setting of a bulk ferromagnet in
a time-dependent magnetic field, one would introduce dissipation phenomenologically
by supplementing the classical Eq. 5 with the Landau-Lifshits-Gilbert term [37, 28]:
replacing 〈σˆ〉t with M(t) we would write
d
dt
M(t) = −2M(t)×
(
B(t) + λM(t)×B(t)
)
, (21)
λ being the Gilbert dissipation parameter. Notice that the modulus of M(t) is
conserved by this dissipative dynamics, while the energy is not. Fig. 4 shows the
results obtained at resonance (ω0 = 0.194859, top) compared to the off-resonance
ones (ω0 = 0.19, bottom). Away from resonance, the system gets excited above
its instantaneous lowest-energy state in a time-scale which becomes longer as the
dissipation parameter λ decreases; the excitation energy shows τ -periodic oscillations
with an amplitude and an average that grows with time, until it settles to a stationary
periodic regime. When the frequency ω0 is at resonance, on the contrary, the system
shows beating-like oscillations for small values of λ, which become increasingly damped
for growing λ. Notice that the amplitude of the asymptotic τ -periodic oscillations is
here smaller than that of the off-resonant case.
We now contrast such a classical picture with a fully quantum mechanical and
microscopic one. We take into account the interaction of a single spin with an
environment. Following Refs. [38, 39] we model the environment as an Ohmic bath of
harmonic oscillators at temperature T = 1/(kBβ). The total Hamiltonian is:
Hˆtot(t) = Hˆ(t) + HˆB + HˆSB , (22)
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Figure 4. (Upper panel) Landau-Lifshits-Gilbert evolution (Eq. (21)) of the
excitation energy for the classical precession equation for a closed-system quasi-
degeneracy frequency (ω0 = 0.194859 – upper panel) and a closed-system
adiabatic one (ω0 = 0.19 – lower panel). We take different values of λ: notice
that when λ is small enough, the large beatings at a Floquet quasi-degeneracy of
the system without dissipation can be still observed (upper panel). (Numerical
parameters: ∆ =  = 1, A = 2.)
where we take HˆB =
∑
n
(
pˆ2n
2m +
1
2mω
2
nxˆ
2
n
)
and assume HSB =
∑
n knxˆn ⊗ σˆz. Using
the Bloch-Redfield approximation [40, 41, 42] we can write a closed equation of motion
for the reduced density matrix of the system. In the interaction representation with
respect to Hˆ(t) we have:
ρ˙I(t) = −
(∫ +∞
0
dsC(s)
[
σzI (t), σ
z
I (t− s)ρI(t)
]
+ H.c.
)
, (23)
where C(s) denotes the bath correlation function
C(s) =
∑
n
k2n〈xˆn(s)xˆn(0)〉 =
∫ +∞
0
dω J(ω)
(
eiωsN (ω) + e−iωs(N (ω) + 1)
)
(24)
which is in turn expressed in terms of the spectral density J(ω) ≡∑n k2n2mnωn δ(ω−ωn),
and of the Bose occupation factor N (ω) = 1
eβω−1 . In the following, we will assume, for
the spectral density, the Ohmic form [39] J(ω) = 2γpi ω
Ω2
ω2+Ω2 , where Ω is a regularizing
Lorentzian cutoff. To proceed, we expand Eq. (23) in the basis of the Floquet modes
at time 0, {|Φ+(0)〉 , |Φ−(0)〉} and apply the Rotating Wave Approximation (RWA) in
this basis [32, 43, 23]. Going back to the Schro¨dinger representation, we find that the
density matrix in the basis of the instantaneous Floquet modes {|Φ+(t)〉 , |Φ−(t)〉}
relaxes after a transient to a time-independent diagonal matrix whose populations,
ρeq++ and ρ
eq
−− = 1− ρeq++, are given by [32]:
ρeq++ =
+∞∑
n=−∞
J (nω0 + 2µ)N (nω0 + 2µ)
∣∣σz−n∣∣2
+∞∑
n=−∞
J (nω0 + 2µ)
(
2N (nω0 + 2µ) + 1
) ∣∣σz−n∣∣2
. (25)
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Figure 5. (Upper panel) Excitation energy in the periodic steady state at the
end of a period vs. ω0 in the dissipative case; we used Eq.(25) for different values
of the temperature T . Notice the peaks occurring at the frequencies ω0 where
the Floquet quasi-degeneracies occur (lower panel). Notice that the cases for
T = 0 and T = 0.01 are numerically indistinguishable. (Numerical parameters:
∆ =  = 1, A = 2, Ω = 500; the results are independent of the strength of the
coupling to the environment γ, as long as small.)
Notice that we use here that J(−|ω|) = −J(|ω|) and N (−ω) = −(N (ω) + 1). We also
defined σzn as the n-th Fourier coefficient
σzn =
1
τ
∫ τ
0
dt einω0t
〈
Φ+(t)
∣∣ σˆz ∣∣Φ−(t)〉 . (26)
We observe that the density matrix in the long-time limit is periodic, because it is
constant in the periodic basis {|Φ+(t)〉 , |Φ−(t)〉}: it reaches a periodic steady state in
which all the observables become periodic, even the excitation energy. In this regime,
the system is stationary: in each cycle it absorbs from the forcing field as much energy
as it gives to the thermal bath.
In Fig. 5 we plot the excitation energy in the periodic steady state at the end of
a period, eperex (nτ), versus ω0. We observe peaks in the stationary excitation energy
exactly at the Floquet quasi-degeneracies: when ω0 is at a quasi-degeneracy, the energy
absorption of the system is more efficient, even when we account for the dissipation
towards an environment. In the low-frequency regime the quasi-degeneracies become
infinitely dense and thin, and it becomes increasingly hard to observe the peaks
numerically. The behaviour away from the peaks is equally interesting: at low
temperatures the excitation energy vanishes, exactly as in the unitary adiabatic case.
At high temperatures, on the opposite, the excitation energy is different from 0 also
far from any quasi-degeneracy, because of the thermal excitations, and an increasing
function of T .
6. Conclusion
In conclusion, we found that the adiabatic limit ω0 → 0 is singular in its being
“decorated” by interesting quasi-degeneracies in the Floquet spectrum, which give
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rise to a deviation from adiabaticity. Its physical consequences — most strikingly
a large increase in dissipation — remarkably survive in presence of dissipation
towards an environment. We can interpret the phenomenon in terms of Rabi
oscillations of degenerate levels in the Floquet-Stark ladder in the extended Hilbert
space representation. Perspectives of future work will focus on the interpretation
of the dynamical localization phenomenon [44, 45, 46] and the Thouless topological
pumping [47] in terms of this formalism.
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